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ABSTRACT: This paper presents a complete algebraic analysis of the renormalizability of
the d = 4 operator F 3V in the Gribov-Zwanziger (GZ) formalism as well as in the Refined
Gribov-Zwanziger (RGZ) version. The GZ formalism offers a way to deal with gauge
copies in the Landau gauge. We explicitly show that F; 3,/ mixes with other d = 4 gauge
variant operators, and we determine the mixing matrix Z to all orders, thereby only using
algebraic arguments. The mixing matrix allows us to uncover a renormalization group
invariant including the operator F; 51,. With this renormalization group invariant, we have
paved the way for the study of the lightest scalar glueball in the GZ formalism. We discuss
how the soft breaking of the BRST symmetry of the GZ action can influence the glueball
correlation function. We expect non-trivial mass scales, inherent to the GZ approach, to

enter the pole structure of this correlation function.
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1 Introduction

QCD is the theory of strong interactions describing quarks and gluons which displays
confinement at low energies. The mechanism behind confinement is still not successfully
described. Even if one omits the quarks, the theory remains confining. Therefore, con-
finement is highly entangled with the dynamics of gluons, which makes glueballs very
interesting objects to investigate. The existence of glueballs would be a pinnacle of the
correctness of QCD, however, so far, there is still no clear experimental evidence for the
existence of glueballs. This is mainly due to the mixing of glueball states with meson states
which contain quarks. By increasing the statistics and/or by doing more involved experi-
ments creating certain glueball states which cannot mix with quark states (oddballs), one
hopes to uncover some clear evidence for glueball states. We mention a few experiments
to demonstrate the general interest in glueballs: PANDA [1], BES III [2] and GlueX [3],
ALICE at CERN [4].



The lack of experimental evidence has not stopped the community to widely investigate
glueballs in various theoretical models, see [5] and their references therein. Currently,
theoretical estimates of e.g. masses of the different glueballs are compared to the lattice
data. In lattice gauge theories, there is no doubt about the existence of glueballs and
one can even work in pure Yang-Mills gauge theory [6]. There are many phenomenological
models which contribute to our intuition in glueballs. More direct contact with fundamental
QCD can be made by identifying suitable gauge invariant operators, which carry the correct
quantum numbers to create/annihilate particular glueball states [7]. This is in accordance
with the direct approach to study bound states in quantum field theory [8]. The mass of the
glueball can then be determined by the leading singularity in its propagator which, if the
glueball is stable, is just a simple pole. Of course, it is necessary to take into account non-
perturbative effects, as glueballs are inherently connected to the non-perturbative region of
QCD. One widely used method to estimate these propagators is based on QCD sumrules [9,
10], while taking into account condensates, sometimes in combination with instanton or
other non-perturbative effects. Also in holographic descriptions of QCD, such glueball
correlators have already been investigated, see for instance [11, 12].

In this paper, we shall concentrate on identifying a suitable composite operator R,
which is a renormalization group invariant containing F) 51,, representing the lightest scalar
glueball. Let us explain how we shall take into account a particular source of non-
perturbative effects. For this, we need a bit of background. As is well known, the Faddeev-
Popov quantization of the Yang-Mills gauge theory was constructed in order to restrict the
path integration only over gauge inequivalent fields. This restriction is translated at the
level of the action by implementing a gauge, e.g. the Landau gauge 0,4, = 0, through the
introduction of extra terms in the action, which in return break the local gauge invariance.
In 1977, Gribov showed [13] that this gauge fixing procedure in Yang-Mills gauge theories
does not entirely restrict the path integration to gauge inequivalent fields, i.e. there are
still multiple gauge copies A, which all fulfill the Landau gauge condition. Moreover, it
appeared that the infrared behavior of the gluon and the ghost propagator is strongly in-
fluenced when handling these copies. Therefore, there was a need for a formalism which
took into account these Gribov copies, even if it would be only in a partial way. After a
semiclassical treatment by Gribov in [13], Zwanziger managed to construct an action which
analytically implements the restriction to the Gribov region € [14]. This action is called
the Gribov-Zwanziger action Sgz. The region € is defined as the set of field configurations
fulfilling the Landau gauge condition and for which the Faddeev-Popov operator,

M = =, (8,0 + g Az ) (1.1)
is strictly positive. Therefore,
Q= {A2, 9,A4% =0, M* > 0}. (1.2)

The boundary, 02, of the region 2 is called the (first) Gribov horizon. The restriction of
the path integral to €2 removes most of the Gribov copies in the Landau gauge related to
(infinitesimal) gauge transformations [13]. However, there are still copies present in 2 and



hence a further restriction to the Fundamental Modular Region (FMR), the region free of
any Gribov copies, should be implemented. Unfortunately, till now, nobody knows how to
handle such a restriction to the FMR. Therefore, the best analytical approach to restrict
the number of gauge copies is by working with Saz. We recall that Sqyz is renormalizable
to all orders [15-17], even in the presence of massless [18, 19] or massive quarks [20].
Implementing the restriction to the horizon introduces a first non-perturbative mass scale,
the so-called Gribov parameter v2. Also, we have found in [21, 22] that the auxiliary fields
introduced by Zwanziger to construct the action Sqz, develop their own dynamics. This
can introduce a second mass scale into the action. Generally, such non-perturbative mass
scales are expected to be transmitted into the pole mass of the correlation functions.

In a previous paper [23] we have investigated the operator F, 3,/ in the ordinary Yang-
Mills theory with Landau gauge fixing. This was already far from being trivial as at the
quantum level mixing occurs with two other 4 dimensional operators, i.e. a BRST exact
operator £ = s(...), and an operator H which vanishes upon using the equations of motion.
We have shown that this mixing does not have consequences when turning to physical
states. Indeed, a BRST exact operator is always irrelevant at the level of physical states
as the Yang-Mills action is invariant under the BRST symmetry. In this paper, we shall
elaborate on the operator Fﬁy by investigating it in the more complex Gribov-Zwanziger
framework, whereby exploiting the construction we have set up in [23]. In this case, a
similar mixing shall occur, but, in contrast with the Yang-Mills case this mixing shall have
consequences at the physical level. Indeed, as the Gribov-Zwanziger action gives rise to a
soft breaking of the BRST symmetry [22], one can figure out that the corresponding BRST

., will no longer be irrelevant. Let us mention that

an attempt to calculate the glueball correlator <F 5V(£U)F sﬁ(y)> has been done in [24], but

exact operator which will mix with F 5

without taking into account the mixing of Fﬁl, with other operators. We start the paper
with an overview of the Gribov-Zwanziger action in section 2. We also recapitulate the
Refined Gribov-Zwanziger action which takes into account the dynamics of the new fields
introduced by Zwanziger. In section 3, a renormalizable action including the local, non-
integrated operator F 51, (z) is constructed whereby in section 4 we shall analyze the mixing
of this operator to all orders. In section 5, we shall determine the renormalization group
invariant which contains F) 3V. We end this paper with a conclusion in section 6, where we
also present some insights on the potential relevance of the soft BRST symmetry breaking
of the GZ action.

2 Overview of the (Refined) Gribov-Zwanziger action

2.1 The original Gribov-Zwanziger action

In this section we shall shortly recapitulate the ordinary Gribov-Zwanziger action in Eu-
clidean space time which implements the restriction of the path integral to the region €.
In [14], Zwanziger derived the following action,

Sp = Sym + Sgr + 74/dd:c h(z), (2.1)



with Sywm the classical Yang-Mills action,
1 d a 1a
SYM = Z d xFlWFIW’ (2.2)
Set the Faddeev-Popov gauge fixing
Syt = / ae (19,45 + 20, D) | (2.3)
and h(z) the horizon function,
abc —1\ad rdec qe
h(z) = g2 fPeAD (M™1)™ flecas . (2.4)
The horizon condition:
(h(z)) = d(N* = 1), (2.5)

with d the number of space-time dimensions, needs to be fulfilled in order to assure that
we are working with a gauge theory quantized in the Landau gauge. This was proven
using statistical arguments in [14, 15]. The action Sy contains a non-local term, but
one can localize the horizon function by introducing the following set of additional fields:

—ac

(EZC, goff) which is a pair of complex conjugate bosonic fields, and (w ac

0wy ), which is a

pair of Grasmann fields. After this procedure, Sy, gets replaced by Saz, which reads

Saz = So+ S5, (2.6)
with
SO - SYM + ng + /ddx <¢anl/ (8V Zc + gfabmAgganc)
w0, (O + gf M AL ) — g () £ (D) sozw> :
d
S'y _ —’)’2g/dd$ (fabcAZQOZC + fabcAfL@Zc + ; (N2 _ 1) 72) ’ (27)

We can further simplify the notation of the additional fields (@ZC, @ZC,EZC,wZC) as Sp dis-

plays a symmetry with respect to the composite index i = (u, ¢). Therefore, we can set

ac —ac

(@zcaspu Wy, ,wzc) = (E?’ngaw?awzq) ) (28)

so we get
So = Synm + St + / d'x (70, (Dl — @80, (Die?) = gf ™0, Dples) . (2.9)

Finally, the horizon condition (2.5) can be written in a more practical version as

or



whereby the quantum action I' is obtained through the definition

el = /[d@]eSGZ : (2.11)

where [[d®] stands for the integration over all the fields.
For the Gribov-Zwanziger action, the conventional BRST symmetry is softly bro-
ken [14, 22]. We recall that the BRST transformations of all the fields are given by

sAj, = — (Dyc) sc? = %gf“bccbcc,

sc® = b*, sb* =0,

spf = wy swi =0,

swi =gy, sg; =0. (2.12)

The existence of this explicit breaking can be easily checked by releasing the BRST trans-
formation s onto the action Sqz,

sSayz = gWQ/dd:cfabc <AZWZC - (Dzmcm) (@Zc + QDZC)) . (2.13)

We refer to [22] for more details concerning this breaking.

In order to discuss the renormalizability of Sgyz, we treat the breaking as a composite
operator to be introduced into the action by means of a suitable set of external sources.
This procedure can be done in a BRST invariant way, by embedding Sgyz into a larger
action, namely

Yaz = Sym + Sgtr + So + Ss (2.14)
whereby
Sy=s / A’z (~Ug Dyl — Vit Dyttt — Upive)
= / d’z (—MziDzbgog — g UL DY + U Dy (2.15)
N DI — VD + g eV Dl — MV - URINGT)

We have introduced 4 new sources U%, V% M®* and N* with the following BRST trans-
m m m m
formations, and

s = M sM' =0,
SV = N, sNY = 0. (2.16)

This embedding into a larger action is necessary for the algebraic proof of the renormaliz-
ability as this heavily relies on having a BRST symmetry. Replacing the sources with their
physical values in the end, returns the Gribov-Zwanziger action,

ng phys - Ngz|phys =0, (217)
MEP = V® =427, 2.18
H lphys H | phys 7 e ( )

as one can easily check.



2.2 The Refined Gribov-Zwanziger action

Let us explain the origin of the Refined Gribov-Zwanziger action. In the original Gribov-
Zwanziger framework in 4 dimensions, one obtains an infrared suppressed, positivity vi-
olating gluon propagator which tends towards zero for zero momentum and an infrared
enhanced ghost propagator. This behavior of the gluon and the ghost propagator stem-
ming from the action Sgz seemed to be in agreement with the lattice results for a long
time. Until more recently, the authors of [25] discovered a completely different behavior
of the propagators in the deep infrared working on larger lattices. Now the ghost prop-
agator no longer seems to be enhanced and the gluon propagator reaches a finite value
at zero momentum. Since the publication of [25], more lattice data have confirmed these
striking results [26-31]. Therefore, the Gribov-Zwanziger framework appeared to be in
disagreement with these newest lattice data. However, in [21, 22], we have shown that it
is still possible to obtain results with the help of the Gribov-Zwanziger action which are
in qualitative concordance with these new lattice data by taking into account the dynam-

ac

ics of the fields (@ZC, hs Witw ). This gives rise to additional non-perturbative effects

m
within the Gribov-Zwanziger framework as, for instance, the dimension two condensate
(@l — wyfwy©), which has been found [21, 22] to be proportional to ~2. Tt is apparent

that the dynamics of these extra fields is highly entangled to the existence of the horizon.
Therefore, we have refined the Gribov-Zwanziger action by explicitly adding the operator

—Rac, sac —ac, ,ac

PuPu —Wu Wy
The Refined Gribov-Zwanziger action is thus given by

from the start, while preserving the renormalizability of the theory.

SrGz = SGz + Szp + Sen s (2.19)

whereby

S = — M2 / d (Pop? — Tows) |

Sen = QM /ddx s v M2, (2.20)
292N
We have introduced a new parameter ¢ and a new mass M?. The second term S, is a
constant term, which is comparable with the term —v? [ dzd (N 2 1) 72 in the original
Gribov-Zwanziger formulation (2.7). This term will allow us to remain inside the Gribov
region €. For more details on this construction, we refer the reader to [22].

3 The (Refined) Gribov-Zwanziger action with the inclusion of the scalar
glueball operator

3.1 Generalities

The most natural way to study the lightest scalar glueball is by determining the correlator!

<%%>. This correlator can be obtained by adding the operator F; iy /4 to the (Re-

fined) Gribov-Zwanziger action by coupling it to a source g(x). In this fashion, we obtain

LAt least, this is our starting point. Later, we shall determine a renormalization group invariant R

.. 2
containing F;,,

so we can calculate (R(z)R(y)).



the correlator as follows,

ot ) <F24(x) F24(y)> ’ (3.1)

with Z¢ the generator of connected Green functions. In [23] we have studied the glueball
operator in the standard Yang-Mills theory, supplemented with the Landau gauge fixing.
The framework we have set up for pure Yang-Mills theories, can be now extended to the
more complex case of the Gribov-Zwanziger action, which is our current goal.

Unfortunately, simply adding F 31, to the action turns out to be too naive. In [23], we
have seen that the 4 dimensional operator Fﬁy mixes with other 4 dimensional operators
in d = 4, in agreement with the general theory concerning the renormalization of gauge
invariant operators [32-34]. Obviously, we also expect a similar mixing in the Gribov-
Zwanziger framework. As outlined in [23, 35, 36], we can distinguish between 3 different
classes of dimension 4 operators. The first class C] is the set of the gauge invariant
operators, for example F 51,. The cohomology of the nilpotent BRST symmetry generator
s allows to identify the C) operators F as those which can be written as sF = 0, but
also F # s(...). The second class Cy are the BRST exact operators, which are trivially
BRST invariant due to the nilpotency of the BRST operator. Thus & € Cs if and only
if & = s(...). The third class C3 contains operators which vanish when the equations of
motion are invoked. One can then argue that the mixing matrix of these operators must
be upper triangular,

Fo ZrF ZFe ZFH F
& = 0 Zeeg Zen & . (3.2)
Ho 0 0 Znun H

This particular behavior of the mixing of the various class of operators can be easily
understood [35, 36]. Bare Cy operators cannot receive contributions from gauge invariant
C1 operators: matrix elements of a bare BRST exact operator £ between physical states
are zero. But, if there would be a renormalized gauge invariant C'; contribution in the
expansion of £, then there would be room for a nonvanishing contribution, which is of
course a contradiction. Likewise, any C3 operator vanishes upon using the equations of
motion, while C- and a Cs operators in general do not, hence a C'3 operator will not receive
corrections from the other type of operators.

In [23], we have strictly proven in an algebraic fashion the upper triangular form of
the mixing matrix for the operator F/ iw just by using the Ward identities of the action. In
particular, we have proven that the following action is renormalizable for ordinary Yang-



Mills gauge theories in the Landau gauge,

1
YyMglue = SyM + / d’z (baauAZ +Ea8quf’cb> - / d%zq ZFiu
~——

eCq
+ / %A, A% + / aan (9,4 A5, + 9,0 Dite’)
€Cy
5(Sym + Sgr)
d a g
—|—/d Ta A 54z , (3.3)
eCs

whereby we see the three different classes of operators arising. We have introduced
three new sources: the doublet (A,n) with sy = X and the color singlet a. The term
(aub“AZ + OHEQDzbcb) is indeed an element belonging to the second class Co, as we can
rewrite it as s(9,c?A7). In [23], we have introduced the last term through a shift of the
gluon field Af, — Af, + aAf.

3.2 Inclusion of the glueball operator in the Gribov-Zwanziger action

With the mixing of the 4 dimensional operators in mind, we can propose an enlarged
Gribov-Zwanziger action containing the glueball operator Fiy. This action will turn
out to be renormalizable. For this, we can make two observations. Firstly, the limit,
{v,,w,w,U,V,N,M} — 0, has to lead to our original Yang-Mills action Yyniglue With
the addition of the glueball terms given by equation (3.3). Secondly, setting all the terms
related to the glueball term ¢F? equal to zero, we should recover the Gribov-Zwanziger
action X gz in equation (2.14). Therefore, we propose the following starting action:

Eglue = Yaz + /ddx qFﬁuFﬁu
+ / dzs <?7 [aﬂzaAjj + 0w + g farpdw® AP + U D% + Ve Db + UVD

= Yaz + / A% qF%, Ff,
—|—/dd£l? ()\ [@ﬁaflﬁ + awaso +gfakbawaAkSDb + UaDabng + VaDabwb 4+ UV]
+n [(%b“AZ + 0, DI’ + 050 — 0wOw + g fary 0P A¥ " + g farp0w™ DMt
—gfarp0@* AFw® + MI Db + gU f** DI o — UL DPw? + N Dw}

—gV& e DS + VI DIl + MYV — UgiNgiD : (3.4)

Indeed, upon taking the limit {¢, @, w,w,U,V,N,M} — 0, we recover the Yang-Mills
action? (3.3) and setting all sources equal to zero (g, 7, A) — 0, we find our original

2The term proportional to the equations of motion will be introduced later.



Gribov-Zwanziger action back, see equation (2.14). Notice that in principle, we could
have taken other possible starting actions which also enjoy these two correct limits. We
could have tried to couple different sources to the different BRST exact terms instead of
employing only one source 7. However, this would not lead to a renormalizable action,
while the action (3.4) does turn out to be renormalizable, as we shall prove.

We shall now try to establish the renormalizability of (3.4) by using the algebraic
renormalization formalism [37].

The first step is to introduce two auxiliary terms necessary for the process of renor-
malization. Firstly, we add an additional external term Sex 1 to the action,

1
Suin = [[ate (~REDEP 4 Jare o) (35)

which is needed to define the nonlinear BRST transformations of the gauge field A}, and
of the ghost field ¢*. Kj; and L* are two new BRST invariant sources which shall be set
equal to zero in the end,

=0, LY . =0. (3.6)

a
Kﬂ{phys phys
Therefore, these sources can be seen as two auxiliary sources which do not change the

physics of the theory. Secondly, we also introduce the following external term,
Sonts — / A5 (X, A%07) = / Ay, A2 / a'a (XD, + X430, . (37)

whereby (Xj,Y;) is a new doublet of sources, i.e. sX; = Y;. This additional term is necessary
in order to have a sufficient powerful set of Ward identities. Without this term, two Ward
identities of the original Gribov-Zwanziger action would be broken which are absolutely
indispensable for the proof a the renormalization of the action (see Ward identity 8. and
9. in the list below). Again, in the end, we shall set

Xi|phys =0, Y%|phys =0, (38)
We shall thus continue the analysis with the following action
Y= Eglue + Sext,l + Sext,Q . (39)

The second step is to search for all the Ward identities obeyed by the classical action
Y. Doing so, we find the following list of identities:

1. The Slavnov-Taylor identity:

S(£) =0, (3.10)
where
58 0% 6S6Y 6% | _, 6%
_ d v a’~ | —a
5 = / a x(éKg 54z " 5Lese Vs TP g
5% 0% ORI )
e M O NG A Ly o) (3
el M g NI G A 6XZ-> (3.11)

This identity is a functional translation of the BRST invariance s.



. The U(f) invariance:
UiyS =0, (3.12)

with

0 ) ) ) ) )
UZ_] = /ddaj <Spa ¢ _|_w.a_ ¢ — M% R Y

ol " ows i 5we HSMg o TR SUg
S § §
NG,Z at YZ_ XZ . 1
i SN Y SV,& A2 5XJ> (3.13)

Using Q; = Uj;, we can associate an extra quantum number to the i-valued fields

and sources. One can find all quantum numbers in table 1 and table 2

. The Landau gauge condition:

0X

W = 8“‘42 — aM(T]AZ) . (314)
. The modified antighost equation:
0% 0% 0%
sen O O (’751(3) oA 19
. The ghost Ward identity:
G'Y =AY, (3.16)
with
0 1) 0 0 0
a _ dd v abe [ =b_ Y b bi bi )
g / x(aa“’f ( T P = R Ve
(3.17)

. Two linearly broken local constraints:

0% > abc pbysci abc Aby/ci a
55 + Oy oM = gf ALV =g fTALVE = Ou(Xi AL
23 23 bebi 52 be Abyrci be Ab yrci
_ aoc 7 a CA Cl _ a CA (617 . ‘1
Sl + H5Naz 9f 5be gr AU =g AU, (3.18)
. The exact R;; invariance:
Rij% =0, (3.19)

with

0 0 ) 0 )
- d a oy ai _rraj _ Xt
Rig / @ (‘p’ b T T 5Y5> '

,10,



A A AL
dimension 1 10| 2|21 1 1
ghost number 1|1 -11071] 0 0 1| -1
Q) s-charge 0O/0| 01|01 |-1]1]-1
Table 1. Quantum numbers of the fields.
Upl | Mt | Ny | VLKLY g n | A XY
dimension 2 2 2 2 3 4 10100 1 1
ghost number | —1 0 0O |-1]-2|0]0]1] 0
@ p-charge -1| -1 1 0 0 |0j]0]0O}| 1

Table 2. Quantum numbers of the sources.

8. An extra integrated Ward identity:

DI S S S 5
/ddCC <5—7’}5 +c %_FU# SN + w; 6@@ _XZW>E =0, (320)
H ? ?

which expresses in functional form the BRST exactness of the operator coupled to .

9. The integrated Ward identity:

1) .0 ) ) )
d a —ai ai ai _
/d:ﬂ<c 5wai+w _5ECL+UN5 g—nl)ué ,‘i_/\_5 ZA)E—O. (3.21)

10. The X-and Y-Ward identities:
1) ) ) 1)
d —a —a
1-— e -4+ 0 — 4+ — | Y =
/d * {( 77)5XZ )\5YZ 'y Zdb“} 0,

b b
/ddaz [(1 ~ 5y +ng} ¥ =0. (3.22)

Let us stress here that it is of paramount importance to have a good set of Ward
identities to start from. For the construction of the action ¥, one should keep in mind
the limits to the ordinary Gribov-Zwanziger case and to the Yang-Mills action with the
inclusion of the glueball term. It is logical that an identity which plays a crucial role in
one of the two limit cases, should not be broken by the action ¥, as > can be seen as
an enlargement of the two limit cases. This is the reason why we have introduced Sext 2.
Without the auxiliary sources X; and Yj, the extra integrated Ward identity (3.20) and the
integrated Ward identity (3.21) are broken, and without these two identities one cannot
prove the renormalizability of the action in an algebraic way. Let us also mention that in the
ordinary Gribov-Zwanziger case, we have two extra linearly broken constraints, belonging
to the set of Ward identities in equation (3.18). However, it is not a problem that these
two identities are broken, as the other two linearly broken constraints in equation (3.18)
turn out to be equivalent at the level of the algebraic renormalization, namely: they have

the same effect on the counterterm.

— 11 —



Subsequently, we are ready to turn to quantum level. The third step is to characterize
the most general integrated local counterterm 3¢ which can be freely added to all orders
of perturbation theory. ¢ is however restricted due to the existence of the Ward identi-
ties. Let us investigate these restrictions a bit closer. The classical action changes under
quantum corrections according to

S — X+ e, (3.23)

whereby h is the perturbation parameter. Demanding that the perturbed action (X + h3¢)
fulfills the same set of Ward identities obeyed by ¥, see [37], it follows that the counterterm
3¢ is constrained by:

1. The linearized Slavnov-Taylor identity:
By =0, (3.24)

where By, is the nilpotent linearized Slavnov-Taylor operator,

B /dd 626+526+625+625+ba5+_a6+a6
== xT _ B — B — 4 ()
: 0Ki6An T 5AL K | 6Lt dct | octoLe | det | Tiome | iage
M -+ N* -+ A—+ Y
MR T A T T 5X,~> ’
and
BBy, =0. (3.25)
2. The U(f) invariance:
U, £¢ = 0. (3.26)
Ujj is given in expression (3.13).
3. The Landau gauge condition
03¢
= 2
Sha (3.27)
4. The modified antighost equation:
0X¢ 0x¢ 0x¢
= - — ) =0. 2
52 +a“6Kﬁ Oy ("5}{3) 0 (3.28)
5. The ghost Ward identity:
Gy =0, (3.29)

with

. 5 v 5,6 . .5
g z/ddx (E—i—gf b <cb@+tp?5w¢+w?5¢¢+vlf NG +U) 5Mﬁi>>' (3.30)
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6. The linearly broken local constraints:

03¢ 03¢
s Osarg = O
03¢ 03¢ be—pbi 02¢
S0 + 6“5]\/‘” gfecw™ e =0. (3.31)
7. The exact R;; symmetry:
RijX¢=0. (3.32)

8. The extra integrated Ward identity:

) 1) 1) J ) 5
d ek ai —a c

S1a _X— E = . .
/d ! <5)\ TN T o T et oM T 554 ’5yi> 0. (3.33)

9. The integrated Ward identity:

) ) ) ) 0
d a —az ai _ at —
/dx<c s T UL ; Ui ; - s ) 0. (3.34)
10. The X-and Y-Ward identities:
1) 0 0 0 1)
d c
1-— . — . Y =
/d v [( n)éX’ A(SY’ + &7 5ee + 5ba} 0,
/ddaz (1—n) O bl s (3.35)
n oYt i Sbe '

At this point, we are ready to determine the most general integrated local polynomial 3¢ in
the fields and external sources of dimension bounded by four and with zero ghost number,
limited by the constraints (3.24)—(3.35). The linearized Slavnov-Taylor identity plays an
important role in simplifying the form of the counterterm. Indeed, the counterterm can be

parameterized as follows:

= (By, closed but not exact part) + Bg A~ (3.36)
——
»e 23

whereby X{ is a cohomologically non-trivial part while 3§ represents the cohomologically
trivial part. A~!is the most general local polynomial with dimension 4 and ghost number
—1. One can prove that all fields and sources belonging to a doublet can only enter the
cohomologically trivial part [37]. This is exactly the reason why we have opted to introduce
the source n, which is coupled to the BRST exact term, as part of a doublet. In this way,
the source 7 can only enter the trivial part, and turns out to be useful to explicitly prove
the upper triangular form of the mixing matrix in equation (3.2). One can now check that
the closed but not exact part is given by

Ei: = apSvym + bO§YM , (3.37)
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whereby

~ 1
Syu = / ddqungng, (3.38)

and the trivial part is given by the following rather lengthy expression:

¥5 = By / d% { [m(Kﬁ + 0" A, + ag L + azUy; 0,65 + as Vi 0,07 + as TIO% ¢

+ag Ui Vi + ar gf Ui VA7, + as g f Vi 1 Af,

+ag g f "W AS 00! + aro gf VW (0, AS) ) + a11 XA,

+a X' 0wi A% + a13X P

+a149 fabe X ' W{TED; + )49 fape X' WTD; + a15X Db + a6 X Ut AL
1179 fabe X TEOUBE + @79 fape X TIOVFE + +allg fupe X D015

+aisg fane X @it + angiXZ??w? + aﬁgXinﬁlw? + an X'Y'wlw!
i—a—b / i—a—b | —0—
+a219 fabeY 0005 + a9, 9 fapeY WiWSp; + agY Wi

+q |b1(K} + 0,8") A}, + 12?0, A}, + ba L + b3Uy,; 9,07 + c30,U07

+b4V5 0,07 + a0, Vi wf + bswi 0 of + c5 0,7 0,8 + ds0°wipl + bg U Vi
+brg UL O AL, + bsg f0V,5 YA, + bog fYwE AL, 0,0) + cog f* DT (O, AL )
+dog f*0, W ASEY + bio X WIOAL + c10X 0w} AL + dig0 X @} A

b1 X BT + D129 fabe X WIWIWS + Vo9 fape X W@ + bi3 X @i
+b14 X U AL + bi5g fabe X DT 0585 + V159 fabe X @075 + V59 fape X '@} 0555
0169 fabe X DI + b1 X X Iw] + V) X' XTYw] + bis XY Iw,w),

0199 fabe Y @IT005 + blog faneY D@05 + bagY wiE”
+n|e1 K AL + 10,8 A5, + fLe9, Af + ea L + e3U; 9upf + f30,U507

+esVis 0,08 + f40, Vi WF + es W02 0f + f50,07 0upl + 9507w + e UV
+erg fUL GLAS + esg V@I AS + egg fUDLAS Ot + fogfo WL (0, AS) @}
+909.f PO ALRL + 10 X WIOAYL + froX 0w AYL + g100X WAL + e X' PTE"
+€129 fabe X WIBIDS + €99 fape X wTID; + €13 X @Y + 13 X U AY
e159 fare X WL OB + €159 fabe X WIOTD; + €59 fare X DGO5P + €169 fape X @i
+err X XG50 + el X XTBIW) + e1s X YW Wl + er9gfupeY "W wies
+e/199fabcyiw?wl;’(pz¢ + eQOYiw?Ea:|

A\ 19 fabe X 0TS + by g fape X 0™ @00G + ha X €W + hawl @iyl

J

+(variants of hg)} } . (3.39)
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The coefficients a;, @}, etc. are a priori free parameters.

As the attentive reader might have noticed, we did not include terms of the form

(..

looking at the dimensionality, the ghost number and the constraints on the counterterm,

Dy (%00, (gn..), (3...), (A\g?...) etc., into the counterterm. However, by just

one might conclude that certain terms of quadratic and higher order in the sources (g, 7,
A) are perfectly allowed. One can imagine that an infinite tower of counterterms would
then be generated and thence it would be impossible to prove the renormalizability of
the action as new divergences are always being generated, which cannot be absorbed in
terms already present in the classical action. However, we can give a simple argument
why one may omit this class of terms with the help of an example. Assume that we would
introduce the following term of order ¢® in the action,

F2
~ /dd:vq2%. (3.40)

Subsequently, when calculating the correlator, this term would give rise to an extra contact
term contribution,

[ﬁ?@%@)/[dqﬂe_z]qo - <F24(Z) Fz(y)> +o(y —2) <F22(y)> . (3.41)

term due to part in ¢ term due to part in ¢2

Eventually, we are only interested in the correlator for z # y and therefore we can neglect
the term (3.40) quadratic in the source q. Moreover, when studying the case z = y, one
should also couple a source to the novel composite operator F'4 = FiVFO%ﬁ, which is not in
our current interest. We can repeat this argument for all the terms which are zero in the
physical limit. Therefore, this argument is not only valid for the dimensionless sources ¢,
n and A, but also for the massive sources K, L, X;, Y;. Though, some care needs to be
taken. Let us explain this again with an example. The modified antighost equation has

the following form:

0X¢ ox¢ 0X¢
W + a“@ — 8ﬂ <n@> =0. (3.42)

In this case, due to the term 8;1(?}%7 one compares terms of quadratic order in the sources
~ qK, ..., with terms of first order in the sources ~ q.... This identity can never be
fulfilled is one immediately omits all terms of quadratic order in Kj;. Therefore, we have
chosen to keep all the possible combinations of higher order in the massive sources in the
counterterm (3.39) as there are only a finite number of combinations, while keeping in
mind the higher order combinations of the dimensionless sources. Only after imposing all
the constraints, we can then safely neglect the terms quadratic in the sources.

With the previous remark in mind, we can now impose all the constraints (3.26)—(3.35)

,15,



on the counterterm, which is a very cumbersome job. We ultimately find

- 5 35
% = agSyar + boSyar + ar /dd:c (A“ XM Ae 22X 4 9,208,¢0 + K20,c°

HooAe "oAL
MO — U Oyl N0 + Vi 0,7
+0, 2" 0l + O™ W + VI MY — UL N
_gfabc Uia SDbz 8ﬂCC _ gfabcvjawbiaﬂcc

_gfabcauwagpbi aﬂ CC)

05 . , ‘ 4

d a Y M =a a a a al ar ar ar

+b1/d xq(Aﬂ S + 0" Ouc® + K0, + My 0upy — Uy Ouw),
m

+N§"8ﬁi‘? + Vi iaﬁi‘? + 0" uSDZi + O™ ﬁi‘f + Vi ZMgZ

~U'N = g fancUp 50" 0uc® = g fape V@ Ouc® — g f abcauwasobiaucc>

+aq /dd:nn ((%E“(?HCG + Mﬁi(?ﬂgoff — Uﬁiaﬂwzi + Ngiaﬂwgi + Vji(?H@Zi

+0,7" 0y + Quw™ 0,05 + VM — UL NS — g fapeUpt 0" 0y

—gfabe Vi@ Oyt — gfabcaﬂw“sobiﬁﬂc‘:)
+ay /ddﬁﬂ)\ <Uziaﬂgpai + V;iaﬂwai + aﬂwai ngai + Uﬁzvjz>

—al/dd:n (Xiﬁﬂwai(?ﬂca> . (3.43)

Only now, we can discard the term ~ ¢K0,c" as it is of quadratic order in the sources.
One could argue that we can also neglect terms of higher order in Uj;* and N;*. However,
both sources belong to a BRST doublet. Moreover, the corresponding partner sources,
M ;ji, V;fi, acquire a nonzero value in the physical limit, and it would be impossible to write
the BRST exact term in our starting action Ygj,e (see expression (3.4)) as an s-variation

when neglecting these kind of terms. In summary, the expression

~ 58 55
¥ = agSynm + boSym + a1 /ddﬁﬂ (Aa XYM po XM 0uc O + K ;0"

® 5AZ ® 5AZ
+ M O0upfy — Up' Oy Ni' 07 + Vi 0,7
+au¢ai uSDZi + apwai ﬂwzi + V:iMzi — UﬁiNﬁi
_gfachia(Pbi 8MCC _ gfabc V}jawbi aucc

_gfabcauwa Qpbi aﬂ Cc)
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+by / ddaq (Ag S 00" + M0l — U0 + N0, + V0,50
"
_{_aﬂ@ai ‘ugpzi + aﬂwai szi + VliuM;jz _ U;TN;LM _ gfachZaSDbiaucc

—gfabe Vi@ Oyt — gfabcaﬂw“sobiﬁﬂ&)

+aq /ddazn <8H6a(9“ca + Mﬁiaugpzi — Uziﬁﬂwzi + Nﬁi(?ﬂwff + Vjiaﬂﬁﬁi
_{_aﬂ@ai ‘ugpzi + aﬂwai szi + VliuM;jz _ U;TN;LM _ gfachZaSDbiaucc

~9fabe Vi 0" 0" = g fabc O @ 8uc6>
+ay /ddx)\ (Uﬁia‘u@ai + Vjia“wai + aﬂwai ngai + Uzz ij)

—al/ddaz <Xi(9uwm'8“ca> , (3.44)

gives the general counterterm compatible with all Ward identities.

We still need to introduce the operators belonging to the class Cs, which are related
to the equations of motion, see section 3.1. Therefore, the next step is to perform a linear
shift on the gluon field AZ in the action X

AL — A%+ aAY (3.45)

whereby « is a dimensionless new source. As this shift corresponds to a redefinition of
the gluon field it has to be consistently done in the starting action as well as in the
counterterm. Later on, we shall see that introducing the relevant gluon equation of motion
operator through this shift, will allow us to uncover the finiteness of this kind of operator.
Performing the shift in the classical action yields the following shifted action ¥’

¥ = Sym+ /dd:c <b“8ﬂAz + EaﬁﬂDZbcb) + /dd:c <—Kg (Do) + %gLaf“bccbcc>
+ [ als (@a,DP o - wt0, Dyl - go,@t DT
i / ddx(_MgiDZb(p? _ gng‘fabcDchd(plq n U,‘jiDwaf
_ Ngi Dzbw? _ V;i Dzbﬁ 4 gV;i fabe DZd deg _ Mﬁi V;z‘ i Uﬁi Ngz)
+ / ddquﬁyFﬁy + /ddm)\ [BME“AZ + 0wOp + g fap 0w A St 4+ U Db

+VeDet 1+ UV
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_|_

_l’_

_|_

_l’_

and ~
>'¢ reads:

/ ddan [aﬂbmz + 0,2 DI’ + 00 — OWOw + g farp 0P " AF Q" + g farp 0@ DM
—9farp 0 AFW + M (Dyupi) + gU f*° (Do)’
—US (Dypw;)” + N§ (D))" — gV ¢ (Do) @5 + Vit (D, 3;)"

MV - URNG] / a'z (ViALOw! — X;Dil 0,5t + X, AL0,3: )

0S
d a YM d a pa k ba =a
/d xaAﬂ 6AZ + [ d xa{—@ub A“ —i—gfakbA“c d,¢ }
/ d’za {—gf akbOuBL AL D" + g farnOp@ Apw® — g2 fapm f bkdauwaSDmAﬁcd}

[ o[ afuss M7 At + 9 U At = 9 uaNE AT — afuss Vi AL

/dd?ﬂa [QQfabcfbkdUia(PcAkcd + 92fabcfbkdvawcf4kcd] . (3.46)

Notice that we have neglected again higher order terms in the sources ~ (an...), ~ (aX...)

(ag...) as the argument (3.41) is still valid. The corresponding counterterm

0Sym 5Sy s

3¢ = agSyar + boSyu + a1 /ddx (AZ 5Aa T Aj 5Aa T OucOpc® + Kj;0,c”
1 o

+ M0, — U 0,wi N O, + V0,5
+0, 2" 00l + O™ Wi + VI MY — US N
_gfabc U;ia@bi alucc _ gfabc V}jawbi 8ﬂcc

_gfabcauwa Qpbi aﬂ Cc)

0S5 . . . . . . . .
+by / d?zq (Ag S T OuT O + M0, 00 — Ul Oyuoni + Ny 0,5 + Vi 0,50
1
+0,7" 0 + 0w 0,5 + VMt — Ui NS — g fapcUpt 0" 0yuc”
~9fabe Vi 0" 0" = g fabc O " 8uc6>
+aq /ddazn <6HE“6HC‘1 + Mgiaugpzi — Ul‘fi(?ﬂwzi + N;fi(?ﬂwzi + V;iaﬂﬁzi
+0,7" 0 + 0w 0,5 + VMt — Ui NS — g fancUpt 0" 0yuc”

~9fabe Vi 0" 0" = g fabc O " 8uc6>
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+ay /ddx)\ (Uﬁia‘u@ai + Vjia“wai + aﬂwai ngai + Uzz ij)

—a / A’z <Xiauwa@'auca> + ag / A’z <aAZ 5§jj4> (3.47)
n

ta / d%za (QAZ@&,A‘; — 2A80P A% + 9 fupe AL AL, AC + 49 fabe foae ALAL AdAe) :

putvtutty

once more dropping higher order terms in the sources.
The final step in the renormalization procedure is to reabsorb the counterterm Y'¢ into

the original action Y,
(g, w, &, ®) + hE* = X(go, wo, ¢o, Po) + O(h?) (3.48)

We set ¢ = (Afj, c®, T b, ot Wi, B, wi) and @ = (K™, L¢, iji, Nfﬁ, V““i, Uﬁi, A) and
we define

90 = 249, 00 =20, By = Zo®, (3.49)

while for the other sources we propose the following mixing matrix

40 Zaq Lan Zga q
o = an Znn Zna n . (3.50)
™) Zag Loy Laa o

If we try to absorb the counterterm into the original action, we easily find,

Z, = 1-}%,
a
72 =14n (70 —|—a1) , (3.51)

and

ZEI/z — Z12 221/4Z;1/2 —1_ h%,

Zy =73,
Zr = 7%,
7, = 237 (3.52)

The results (3.51) are already known from the renormalization of the original Yang-Mills
action in the Landau gauge. Further, we also obtain

1/2 _ /2 _ o—1/2,,-1/4 _ !
Z) =z =27, =1-he .

72 =2,
1/2 1
U/ = Zg )

o alr . 1/2.,—1/4
ZM_l—E_Zg/ZA :

,19,



7y :Z;1/2,
ao —1
Zy =1+hg =Z7;",

ay — —1/4
Zy =1-h7 = 2,'77, a (3.53)

which are known from the original Gribov-Zwanziger action, see [15]. In addition, we also
find the following mixing matrix

qu an an 1+ h(bo — ao) 00
Zg Zom Zyor | = hby 10|, (3.54)
Zg Zow Zoa hb, 01

while for the Z-factor of A we have

_ —-1/2 —1/4

Iy = Z; V27 = 727 (3.55)
Also this part was already known, see [23]. So far, we have proven that the two limit cases
are at least correct. Finally, we find the new results
—~1/2

Zy = ZgZ, '~

Zx = 2Pz (3.56)
In summary, the action Y’ is renormalizable. Moreover, we have only 4 arbitrary parame-
ters, ag, a1, by, by, which is the same number as in the limit case {p, p,w,w, U, V, N, M} —
0, i.e. the Yang-Mills case with the introduction of the glueball operator ~ Fﬁl, [23]. This
is already a remarkable fact.

3.3 Inclusion of the glueball operator in the Refined Gribov-Zwanziger action

In analogy with [21, 22] we shall add the 2 dimensional mass term ~ (@ — Tfwf) to the

7 7
action Ygy,e in equation (3.4),

ERglue = Eglue + E@p + Yen ) (357)

whereby

Sy = / da (s(— Tt pt)) = / d (—J (Pt — D0ut))
Yen = / dzcOJ , (3.58)

with J and 6 new sources, and ¢ the parameter already defined in equation (2.20). In order
to agree with the physical action (2.19), we define the following physical limit,

d(N?-1) ,
V292N T

We further define sJ = 0 and s© = 0, hence the BRST invariance is guaranteed.

O ;.. =2 (3.59)

phys
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Let us now investigate the renormalizability of action ¥grgi,e. We can go through the
same steps as in the previous section. Therefore, we again add the two external pieces,
Sext,1 and Sexe 2 as defined in equation (3.5) and (3.7), to the action Yrgue

ER = ERglue + Sext,l + Sext,Q . (360)

Subsequently, one can easily check that all Ward identities (3.12)—(3.19) and (3.22) re-
main unchanged up to potential harmless linear breaking terms. Therefore, the con-
straints (3.26)—(3.32) and (3.35) remain valid. Unfortunately, the extra integrated Ward
identity (3.20) and the integrated Ward identity (3.21) are broken due to the introduction
of the mass term. However, the mass term we have added is not a new interaction as it is
only quadratic in the fields. Therefore, it cannot introduce new divergences to the massless
theory ¥, and it can only influence its own renormalization® as well as potentially vacuum
terms, i.e. pure source terms. Also, next to Ward identities (3.12)—(3.19) and (3.22), we
have a new identity

0¥R
— =qJ 3.61
56 = (3.61)
which is translated to the following constraint at the level of the counterterm,

0T, _
50

0. (3.62)

As a consequence, Xf is independent from the source ©. Therefore, it follows that the
form of the counterterm Xf can be written as

R=2X4+X5, (3.63)
whereby ¥¢ is the counterterm (3.44) of ¥ and 39 is depending on J. One can now easily

check that X9 = xJ 2 with & a new parameter as this is the only possible combination with
the source J, which does not break the constraints (3.24)—(3.32) and (3.35).

k is in fact a redundant parameter, as no divergences in J? will occur, as explained
in [22]. Therefore, the counterterm X, is actually equal to 3¢. Defining
Jo=25J, (3.64)
we find

Zy=27;' = 2,2, (3.65)

and we have proven the renormalizability of the action X¢.

3We employ massless renormalization schemes.
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4 The operator mixing matrix to all orders

4.1 Preliminaries

Let us return to the mixing matrix of the sources ¢, n and J and pass to the the corre-
sponding operators. We have found that

qo Zgq 00 q
w | = Zato || 0] (4.1)
Qg Zag 01 «@

We shall further need the inverse of this matrix,

1
q @ 00 9
n | = —Ziqs 10 no | - (4.2)
Q —% 01 Qp

qq

We can write the final action ¥’ from equation (3.46) in a more condensed form as
¥ = Baz 4 Sext,1 + Sext,2 + /ddx (qF +n€ + aH) + /ddm/\./\/, (4.3)

whereby we have defined the operators

1 a a
f — ZF;U'VF;U'V’
E =sN,
05z
H= A= (4.4)
1%
with
N = 0,8 Al + 0w0p + gfar0w* A¥ Q" + U D" + VDG + UV| . (4.5)

It is then an easy task to construct the corresponding mixing matrix for the operators
themselves. We recall that insertions of an operator can be obtained by taking derivatives
of the generating functional Z¢(q,n,J) w.r.t. to the appropriate source. For example,

_0Z2%q,n, ) _ 0q 6Z°(q,m, ) | On 6Z°(q,m, ) | O 0Z°(q,m, @)

F , 4.6
L P VRS P Y PR 7 (4.6)
and thus
1 Z, Z,
Fo=—F— 224G _ 229 (4.7)
Zqq Zqq Zqq
and similarly for & and Hy. Henceforth, we find
Fo Zid —ZagZag —ZaqZeg F
& | = 0 1 0 E|. (4.8)
Ho 0 0 1 H
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This is a nice result as we recover the expected upper triangular form. In addition, as &
has a Z-factor equal to 1, we also find that the BRST exact operator £ does not mix with
‘H, although this mixing would in principle be allowed. This can be understood as follows.
The integrated BRST exact operator £ is in fact proportional to a sum of four (integrated)
equations of motion terms and two other terms,

/ d*z [ Opb A% + 8, D’ + 0G0 — 0wOw + g farp 0P " A* " + g farp0@* DM

—gfarp 00 AFW® + MDD} + U [ DS P of — Ut Dibw? + N Diw}

 abe bd de— ab—b L . .
gV e DYt 4 Vi Dbl + MV - URiN | (4.9)
0¥XGz 038Gz  _,0%cz  _,0XGz 023Gz ONeV/
— d4 b a a a M : U /
/ x( T I T = T VTR (7 A

and therefore, like H, it does not mix with the other operators. Notice that we can rewrite

the integrated BRST operator in two other forms:

gz _,0Xq”Z 0Xaz 0Xay, 0Xaz 0Xaz

4. — _ d4 pe a a a N ‘ at ‘
(4.9) / x( A PR TR Vi oVai )
(4.10)

or

0¥Gz 0¥az  _,0%Gz 0¥z 0Xayz ONeV/
4.9) = — d4 b a a a M : Nt “ )

(4.9) / x( T P - s O T VA
(4.11)

Remark. We can also use the refined action Yrayz instead of Yqyz. We define Ygrqy as
Yraz = Yaz + Xgp + Zen s (4.12)

whereby Yz, and X, are defined in equation (3.58). Replacing ¥qz by Yrgz does not
alter equation (4.8), but it does slightly modify expression (4.9),

/d4$5 _ —/d4.%' <ba RGZ + RGZ +¢a RGZ oo RGZ

5b 5z 55 g
0¥ RGZ 02 RGZ 0XRGZ 0XRGZ

MO/L : at i _ 41

M S P Spa 75 M9 50 )’( 3

and analogously for expression (4.10) and (4.11).

4.2 The physical limit

In the next subsection, we shall work in the physical limit as our final intention is to examine
n-point functions with the (Refined) Gribov-Zwanziger action itself. In the physical limit,
& becomes:

Elonys = Oub A% + 0,° D + 8,51 Db of — 0, Wi Dw} + gf**0,w DY e of

+72 DR (R0 + %) +d (N? — 1) 4" (4.14)

phys
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From this point, we can omit the constant term d (N 2 1) ~* as it shall not play a role
in the calculation of the glueball correlator. Later, we shall determine the renormalization
group invariant R(z) which contains F, 31, (). As € mixes with F, 31/(56), this renormalization
group invariant shall also contain this constant term. However, a constant term can never
contribute to the final glueball correlator (R(z)R(y)) as it can never help to produce
connected diagrams between the two space time points z and y. Therefore, we shall
simplify the calculations by omitting this term already from this point.
In the physical limit H is given by

Hlphys = AZ?TGZZ, (4.15)
whereby Sqz is the physical Gribov-Zwanziger action (2.6). Naturally, the mixing ma-
trix (4.8) stays valid in this physical limit.

4.3 The mixing matrix to all orders

It this section, we shall determine the mixing matrix (4.8) to all orders. This proof is very
elegant as it does not require to calculate any loop diagrams, and it is purely based on
algebraic manipulations. We shall extend the proof given in [23], which is based on [38].
Moreover, as a byproduct, the proof shall also reveal some identities between the anomalous
dimensions of the different fields, which can serve as a check on relations as in (3.52)
and (3.53). We shall directly work with the physical action Sgz. In the end, we shall also
look at the Refined Gribov-Zwanziger action, Sraz.

We start our analysis with the following generic n-points function

G (@1, wn) = (Piz1) ... dj(an)) = /[d¢]¢z(x1)---¢j(wn)eSGZ, (4.16)

whereby ¢;, i = 1...8 stands for one of the eight fields (Aj, ¢, ¢*, b%, gozb, wzb, EZ”, o),
ie ¢ =A,, ..., ¢pg = Ezb. We shall immediately omit the vacuum term 7*(N? — 1)d in
the action Sqyz, as it is relevant only for the calculation of the vacuum energy and not for
the calculation of n-points functions. The total number of fields is given by n,

8
n=> n, (4.17)

with n; the number of fields ¢; present in the n-points function (4.16). We are therefore
considering the path integral for a random combination of fields. Subsequently, from the
definition (4.16), we can immediately write down the connection between the renormalized
Green function and the bare Green function, which is, in a very condensed notation,

8
¢ =1]z,""cy. (4.18)

i=1

From the previous equation, we shall be able to fix all the matrix elements of expres-
sion (4.8), based on the knowledge that % must be finite in a renormalized theory.
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We shall therefore calculate this quantity. The first step is to apply the chain rule:
8 —n;/2 8
dgn 8Z¢> —n;/2 n —n;i/2 398 0 8’78 0 n
a2 Z 3;2 HZ@ Go + HZ¢. + Gg . (4.19)
i=1

dg* = it ¢ 19g%0g5 09> 01

Next, we need to calculate the derivatives w.r.t. 2.

e Firstly, we need to find dg3/0g?. We employ dimensional regularization, with d =
4 —¢e. If we derive

% =129, (4.20)

w.r.t. ;1 and g, combine these two equations and employ the following definition of
the [-funtion?

592 2 2
- = — 4.21
i eg” + B(97), (4.21)
we obtain
2 2
9 _ =% (4.22)

99?2 —eg*+B(g%)

8'y§

99° We start from

e Secondly, we calculate

2= Z,YQ’}/Q (4.23)

whereby Z.,» = Zy = Zjy due to the limit (2.17). Deriving this equation
w.r.t. g% yields

373 8272 9 Oln Z,YQ 9 1 3M 0ln Z,YQ 9 1 9
_ _ _ 1 R 4.24
95> ~ 0g® | o 0 = uagtan W T @i a4

and we have defined the anomalous dimension of 2 as

52 = 7 4.25
. (4.25)

e Finally, we search for 8Z;jnj /2 /0g?. Applying the chain rule gives

—n;/2 —n;/2 1/2 1/2
(9Z¢j / - ,Z¢j / 6Z¢j o ‘Z_nj/Z(?ln Z¢f (4.26)
oF T A e T e g |
1/2
Next, we derive ag;” from the definition of the anomalous dimension,
dln 7?2 9q2 0ln Z? oln 7/
¢ 9 o 2 2 ¢
- — = = (= . (4.27
iy W o o (—eg” + B(g?)) 97 (4.27)

4We have immediately extracted the part in e.
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From expression (4.26) and (4.27), it now follows

82‘@]’/2 v

¢’ —n;/2 T
——— = N4 . 4.28
dg* Y —eg? + B(g?) -

Inserting equation (4.22) and (4.28) into expression (4.19), we find:
—ni/2 8

= - —E NjYei — €95 == + 027 == | G0 - 4.29
A2~ —e?+8(>) \ S Pogg T Vo ) 0 (429

The right hand side still contains bare and therefore divergent quantities. We would like
to rewrite all these quantities in terms of finite quantities so that we can use the finiteness
of the left hand side to make observations on the right hand side. Also, we should rewrite
in some manner the number n; as the mixing matrix (4.8) is obviously independent from
these arbitrary numbers.

Therefore, as a second step, we shall rewrite the right hand side of (4.29) in terms of
a renormalized quantity. Firstly, we calculate aigggg. Using

e Saz 1 [ F2(y)
e e 4
093 / y( 7 ( 1 ) (4.30)
1 6Saz 6Sazy _ dSaz 0Saz ) -8
+— A —b +w - e 76z,
307 (100 Sy~ ) o 4Tl s ol 228 )

we can write,

P CTC T RIS SO

1 _ 5Saz 1 dSaz
—=Ggy _— =Gy — . 4.31
Pl {wo(y)5wo(y)} 3 {wo(y) dwo(y) (4:31)
We have introduced a shorthand notation for an insertion in the n-points function, e.g.
F? F? ~ ~
g { T} = (B gi(ar)... 092 ) (1.32)
Secondly, we analogously find
a n n aoc pAa C aoc Aa ——=0cC
N539% = / aty (G {0 A oeico + g0 AL B0 ) - (4.33)
g

Thirdly, we rewrite n;G} by inserting the corresponding counting operator® into the
Green function,

i\ 08az
mh = [ e {6 ). (434)
0 (y)
°Tt is easily checked that [ d4yd>gé%¢j counts the number of ¢, insertions.
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Inserting (4.31), (4.33) and (4.34) into our main expression (4.29) results in

?ii: N —EgQ—il—ﬁ( / [ Z%ﬂgn{ 5‘;‘3((”)} —agn{@}
#50" {0l s b = S0 {4 S (o | (439

g n 55 n abe abc fa —=bc
=G {wo(y) oz }-}-5729 {’Yogof ’ A 090”0‘1")’090]0 A ,0@2,0}] .

2 dwo(y)

"i/2 into the Green functions, and

Notice that we have also absorbed the factor [, Zy,
therefore we can replace G again by G". Finally, we need to rewrite all the inserted
operators in the n-points function G” in terms of their renormalized counterparts. For this

we return to the mixing matrix (4.8) and parameterize it as follows

R\ (1eeteb) (7
Sl=1 0o 10 e . (4.36)
Ho 0 0 1 H

Here we have displayed the fact that the entries associated with a(g?,¢) and b(g?, ¢), which
represent a formal power series in g2, must at least have a simple pole in €. Therefore, we

can rewrite

2
—eFoly) = F04(y) = (e —a) F(y) + b EW)| ypys + bA(y);j?yZ) 7
H0|phys = Ap(y) (S‘iﬁi) = A(y) ;j?yz) ) (4.37)

whereby we recall that we are working in the physical limit and we have replaced ’H|phys

by the expression (4.15). Subsequently,

Vg0 AL 0%% = g fee Al
W0 f AL (B, = Vg f ALY (4.38)
as one can check with the Z-factors in (3.53). Finally, all the other operators are equations

of motion terms, which appear in expression (4.9), (4.10) and (4.11) and therefore have the
same Z-factor as the operator £, i.e. Z = 1. Summarizing, expression (4.35) becomes:

G~ i [ | e s (5 e0-na) o {252
+(———%—b Q”{ gSGZ} 'yc—b)Q"{E(y)gg(c;Z)}
el (e

SRR C =) R U = Bl =)
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+0G" { 0,70 Dl — O, Dyl + g0, D6 + 22 f Agphe

1Pp
+72.gfabcAZ¢ZC} + 572gn {’YQQfabCAZ(PZC + ,YQQfabcAZaZc}] ) (439)
where we have immediately taken the full expression of £ |phys in equation (4.14).
From expression (4.39), we can determine a(g?,¢) and b(g?,¢). As % is a finite ex-

pression, we know that the right hand side of equation (4.39) must also be finite. Therefore,
as all the Green functions are expressed in terms of finite quantities, we can choose a set
of linearly independent terms and demand that their coefficients are finite:

—-c—a 0Saz | . /2 +b—a(g*)
n{r — nlA : R 4.40
P g aw) o {45} o
€
53— Wb - b b —Ye—b—"
{0 AL} T e "3T9, DY ——— = 4.41
G" {b9, AL} —eg? + B(g?)’ g {c o } -9 + B(g?)” 4
—Yo — Yz — b Yo — Yz — b
n [z pab bl . e — 79 n[za9 pab bl . “Ow 0w — O 4.42
g {%@L u %} —eg? + 6(g?)’ g {wla“ g w’} —eg® + B(g%)’ .
n abca —aybd d, c _’yc_fyw_fyw—i_%_b
- al/ iDu i ’ 4.43
g {~ar" oDl —eg? + B(9?) A
—Yp — 02 — b —Yg — 0,2 — b
nf 2 abcAa—bc : Ye ¥ n) .2 abcAa be <p—'y 4.44
g { vg9f uwf } —eg® + B(g?) g { 79t u? } —e9® + B(g?) ( )
We can rewrite the coefficients of G" {F} and G" {A—‘Sgﬁz} in (4.40) as
—e—a 1 (lL+a/e) e/2+b—7a(g®) _ 1 1+2(b—7alg?)/e
—eg® +6(9%)  ¢*1-P(g?)/(eg®) " —eg® + B(g?) 29> 1-p(g%)/(eg?)
(4.45)
Hence, in order to be finite, we must conclude that
2
o) = B9
(97,¢) g2
1 8(a2
b(g°,e) = valg®) — §—ﬁ;% g (4.46)

Notice that a and b depends on g2, but not on e. Therefore, the matrix elements of the
first row of the parametrization (4.57) only display a simple pole in e.

Moreover, from the other equations we shall obtain relations between the anomalous
dimensions of the fields and sources. Let us start with the coefficient of G" {b0,A,} in

equation (4.41), yielding

—e/2-b-(g?) _ 1 1420+ lgd)/e

—eg>+B(g%) 29> 1-PB(g%)/(cg?)

(4.47)

which means that

(4.48)
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Inserting the value of b(g?, ) from expression (4.46) gives the following relation
Yo+ =0. (4.49)

This relation is a translation of the relation Zil/ QZ; /? = 1 found in equation (3.52). Indeed,
deriving both sides w.r.t. u gives

1 0 (,1/2,1)2
Zil/2Z;/2MaM < A “p > YA+ 0 ( 50)

Analogously, for the coefficient of G" {E“(?ﬂDZbcb}, we find

b(g°,€) = —e = e, (4.51)
yielding
YA+ Vet e = % : (4.52)
29
which is a translation of ch/QZél/QZiﬁZg =1 as udd—ig = —%. Next, the coefficients
of (4.42) and (4.43) lead to
_ B _ B B
Yo T ¥+ VA= 22 Yo T Y@+ 74 = 27 Yet+ 1@+ Y +74= el (4.53)

stemming from
zY 7 P2z, =1, ZYZPzPz,=1, ZVZPzz)Pz,=1. (454)

These relations originate from the relations derived in (3.52) and (3.53). Finally, the
coefficients in equation (4.44) are finite if

1 5(g*
—Ye—0p = —Y—l0p =b= va(g®) - b (gz ) ) (4.55)
or equivalently
1/2 ,1/2 1/2 ,1/2
P77,z =1, 2227 2,2,5 =1, (4.56)

which is also fulfilled as Z.» = Zy = Z;1/2Z;11/4.

In summary, we have determined to all orders the mixing matrix (4.8). For nota-
tional simplicity, we take the value (4.51) for b and we use the equality 7. = vz:

1— B(g%) 2ve 27c
eg? € ¢

7 = 0 1 0 . (4.57)
0 0 1

We have encountered numerous checks which show the consistency of our results.
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Remark. This matrix is also valid for the refined action Sggz. One can repeat the proof
by replacing Sqz with Sraz and by adding the following term in M? = J to the game,

S = — M / Al (F007 — 0w | (4.58)

see equation (2.20). In the end, expression (4.39) will collect an extra term

dgm - 1 d n 5 " dSraz

—eg® + B(g?)
+ (—% — - b) gn {b(y) 55?5)2 } (== — b) G" {z(y) g?(zz) }
g {2+ (-5 - r2) o [ 2502 )

de(y) §w(y)
+ (% - ) g {w(y)gféz) } —7,G" {w(y) gj@z) } — 50" {@(y)ggéz) }

+0G" { 0,70 Dl — O Dyl + 0, DYl

_|_,72gfabcAZSDZc + ,}/QQfabcAZ@Zc} + 672 gn {,72gfabcAZSDZc + ,72gfabcAZ¢Zc}

+op02 G {M? (P —ww) } |, (4.59)
where we have introduced the anomalous dimension of M?,
6 In ZM2
Srpz = 4.60
M2 = [ I ( )
This leads to the following extra coefficients
— _75_%;0_6]\42 n 2—a, a —Vo — Y — Opr2
gn _M2 a ) . , g Mo%we L - s 4.61
MR ) W e Y
so that
’)’@‘F"}/SO—F(SMQ:O, ’YQ—F"YW—F(SMQ:O, (462)
or equivalently
P2 2y =1, 2zl 1, (4.63)

which is correct as Z; = Zy2 = ZgZi/ 2, see equation (3.65). All the other relations stay

valid of course.

5 The glueball correlator

5.1 A renormalization group invariant

As the final step of our analysis, we shall try to determine a renormalization group in-
Fi(x)

variant operator which contains 7 = —#7—. This is useful as we would want to obtain
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a renormalization group invariant estimate for the the glueball mass, i.e. the pole of the
corresponding correlator. This analysis is completely similar to the one presented in [23],
due to the fact that the mixing matrix Z is exactly the same. However, for the benefit of
the reader, let us repeat the analysis. We define the anomalous dimension matrix I" of the

mixing matrix Z as

0
—7Z =7T. 5.1
"o (5.1)
With the following derivatives,
0 5/92 1 2 2 a(ﬁ/QQ)
“ (1= B _
g (1= 225) = 2 (e - 5.6 22
9 2. 1 2 21\ 927c
- = (= 9.2
o e 8(69 +8(9%)) 05 (5.2)
we obtain
2
928(%5) _2928% _2928%
I = 0 0 0 ) (5.3)
0 0 0

Notice that this anomalous dimension matrix is finite, as it should be. This matrix I' is

related to the anomalous dimension of the operators, since

A X
Xo = 72X =0 = uZx 4 2,9%
ou ou
0X
— = —-TI'X 5.4
with
F Fo
X=1€¢1, Xy = & | . (5.5)
H Ho

We now have all the ingredients at our disposal to determine a renormalization group

invariant operator. We set
R = kF + L€ +mH, (5.6)

with k, ¢ and m functions of g2, to be chosen in such a way that

M%R = ugi}“ kg 28(ﬁ/9 B/ 7 4 o, 227§5+2k 227§H+u§£5+u%m71:0, (5.7)
hence

Mau kg28(6/9) 0,

1w +2k‘92§”§ =0

{—m
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We therefore choose

and we conclude that

B(g*)

R = 7

F = 29:(6°)€ = 27(9* ) H (5.8)

is a renormalization group invariant scalar operator containing Fiw in the case of the

Gribov-Zwanziger action Ygyz as well as in the case of the refined action Yray.

5.2 Irrelevance of the terms proportional to the equations of motion

As we have found a renormalization group invariant, the final goal [39] shall be that of
evaluating the glueball correlator

(R(@)R(Y)) pys = < (ﬁ(g% )7’(96) — 27:(9%)E(x) — 2%(92)H(w)>

2
X (ﬁ(ggg ) F(y) — 200 (8%)E ) — 2%(92)71(y)> > o (59)

phys

using the (Refined) Gribov-Zwanziger action. However, this is beyond the scope of the
present article as this calculation shall be far from trivial, even at lowest order.

As usual the equation of motion terms like H will not play a role. Let us demonstrate
this with a simple example,

W) s = (F 1500 S0
e~ SRGZ
~ [alF@ e s = — [ S
1 1t
o (A¢ T
= /[d@]e_SRGZ% = ...0(x—y)+60)(F(z)), (5.10)

which is zero as z # y and 6(0) = 0 in dimensional regularization. Therefore, expres-

sion (5.9) reduces to,

2 2
(R(ZYR(Y)) pnye = (5 2 )) (F@)FW)) + (20662) E@EW) e
2
~20u(?) ) (F ) s+ E@F W) - (511)

6 Summary and discussion of the relevance of the soft BRST breaking

2
In this paper, we have scrutinized the glueball operator F = FZ" using the (Refined)
Gribov-Zwanziger action Sgz (Sragz). For this, we have followed the framework of an
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earlier work [23] where we have investigated this operator for the more simple case of the
usual Yang-Mills gauge theory, quantized in the Landau gauge. However, this framework
is heavily based on the existence of the BRST symmetry while neither Sgz nor Srgz are
BRST invariant [22]. Therefore, throughout the paper, we have relied on the extended
model gz and Yrgz. With these “enlarged” actions, one can then draw very similar
conclusions as in the ordinary Yang-Mills case. The results of interest, i.e. those for the
(Refined) Gribov-Zwanziger action, then easily follow from these extended models in the
physical limit, in which case certain external sources are assigned a suitable value.
Firstly, the classically gauge invariant operator F iy mixes with two other operators, a

BRST exact operator, £ = s [8,@“142 +00OP 4 g farp 0w AR pb + U Db + Ve DGt - UV,
and an operator proportional to the gluon equation of motion, H = A‘S?gz = A‘Szgjfz. By

using the algebraic renormalization procedure, we have determined the form of the mixing

matrix Z to all orders,

Fo Zitt —ZogZyy —ZagZyg F
& | =1 0 1 0 E |, (6.1)
Ho 0 0 1 H

which has an upper triangular form, as required [35, 36].

In a second part of the paper, we have completely fixed all the elements of this
mixing matrix, by using only algebraic arguments. We have found

1 — 862 2%(g®) 27e(g?)

£g? € €
7 = 0 1 0 : (6.2)
0 0 1

which is completely analogous as in the case of the ordinary Yang-Mills theory [23]. This is
already a remarkable fact. In addition, we have also encountered numerous checks on our
results as we have recovered multiple known relations between the anomalous dimensions
of all the fields and sources.

In the final part, we have determined a renormalization group invariant including F/ 51,,
given by

B(g?)

R = 92 F— 2'70(92)5 - 27c(92)H7 (6'3)

which is the main result of this paper. This operator would then be a good point to start the
study of the (lightest) scalar glueball from, by means of the correlator (R(z)R())pys [39]-

In standard Yang-Mills gauge theories, gauge invariant operators F only mix with
BRST exact and equation of motion type terms. While the latter always yield trivial in-
formation at the level of correlators, the BRST exact pieces drop out due to the BRST
invariance of the gauge invariant operator F and of the vacuum. In the Gribov-Zwanziger
approach, the situation gets more complicated due to the breaking of the BRST symme-

,33,



try6.

In the physical limit, £ is no longer a BRST invariant operator. In addition, the
BRST symmetry is softly broken. Therefore, when turning to physical states, £ will no
longer be irrelevant, and explicitly influence the value of the correlator. This is not the
only observation we can make. R(z) is not the only renormalization group invariant of
dimension 4. Indeed, also the operator £(z) does not run with the scale, as we directly
infer from equations (5.3) and (5.4). We can therefore imagine to study correlators of linear
combinations of the operators F and &, where the linear combination is chosen in such a
way that the emerging pole structure would be real. We notice that this is not a trivial
issue in the Gribov-Zwanziger framework [24], basically due to the fact that the poles of
the gluon propagator itself are already not necessarily real-valued. When the Gribov pa-
rameter 72 is formally set back to zero, we shall recover the correlators of the usual kind
in Yang-Mills gauge theories, as the BRST symmetry gets restored, as well as the BRST
exactness of the operator &.

A research project along the previous lines would thus be very interesting to pursue. It
would also enable us to show that the soft BRST breaking, deeply related to the presence
of the Gribov horizon, is not necessarily a negative feature of the theory. Rather, it
could be very helpful in the construction of suitable operators [39]. We therefore conclude
that the results in this paper have to be seen as a first step towards the construction of
(hopefully) physical correlators in the GZ theory. As it should have become clear from this
paper, an important tool has been the possibility of embedding the (R)GZ theory into the
extended model. The nilpotent exact BRST symmetry of the latter model can be used to
identify the renormalizable operators by using cohomological techniques, which then also
give the renormalizable operators in the physical limit. These latter operators will contain
the classically gauge invariant operators. At the same time, also renormalizable BRST
exact operators can be found, which reduce to renormalizable operators in the physical
limit, being not necessarily BRST exact. It then remains to be seen whether suitable
linear combinations of these two types of operators can be found that successfully describe
physical correlators. This will be the topic of future work. As there are multiple mass scales
present in the (Refined) Gribov-Zwanziger framework, we expect all of them to influence
the pole of the correlators under study [39].
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